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The aim of this study is to improve the accuracy of the finite-difference sensitivities of differential equations solved

by iterative methods. New methods are proposed to estimate the convergence error and higher-order sensitivities.

The convergence error estimationmethod is based on the eigenvalue analysis of linear systems, but it can also be used

for nonlinear systems. The higher-order sensitivities are calculated by differentiating the approximately constructed

differential equation with respect to the design variables. The accuracies of the convergence error and higher-order

sensitivity estimation methods are verified using Laplace, Euler, and Navier–Stokes equations. The developed

methods are used to improve the accuracy of the finite-difference sensitivity calculations in iteratively solved

problems. A bound on the norm value of the finite-difference sensitivity error in the state variables is minimized with

respect to the finite-difference step size. The optimum finite-difference step size is formulated as a function of the

norm values of both convergence error and higher-order sensitivities. The sensitivities calculated with the analytical

and the finite-difference methods are compared. The performance of the proposed methods on the convergence of

inverse design optimization is evaluated.

Nomenclature

E = total error vector
û, v̂ = grid velocities
X = design variable vector
x = grid coordinate vector
w = state variable vector
�, � = coefficients used in higher-order sensitivity estimation
� = correction vector
" = convergence error vector
� = eigenvalue
�, � = coordinates in computational space
’ = eigenvector
 = objective function

I. Introduction

T HE efficient and accurate calculations of convergence error and
higher-order derivatives are needed in many scientific

applications. In the iterative solution of differential equations,
estimating the convergence error is immensely useful to determine
when to stop the iterative process. In most of the iteratively solved
problems, the reduction in the residual is used as the stopping
criterion. Unfortunately, the reduction in the residual may not be a
reliable measure for the convergence error. In addition to the
convergence error, it is also very common in scientific applications to
compute the higher-order derivatives of a function with respect to
specified parameters. If the evaluation of the function is expensive or
involves errors due to noise, the estimation of these derivatives may
be more difficult. Using the regular finite-difference methods for
calculating the higher-order derivatives amplifies the noise and
produces inaccurate results. In the present study, new methods are
developed to estimate the convergence error and higher-order
derivatives. Although these methods can be implemented for any
application that requires convergence error and higher-order

derivative estimations, in the present study these methods are used to
improve the accuracy and efficiency of finite-difference sensitivity
calculations in iteratively solved problems.

In recent years, great effort has been expended in the development
of design methods using computational fluid dynamics (CFD) [1,2].
Among these methods, design optimization methods have some
advantages because an optimum shape having certain characteristics
can be generated while satisfying certain design constraints. The
algorithms used in the optimization andCFDare independent of each
other and any of the optimization and CFD codes can be coupled
together. Even though design optimization methods have many
advantages, there are several important issues to be resolved for
optimization methods to become more efficient and reliable.

Although there is a class of optimization methods that does not
require gradient information, the calculation of this information is
one of the most important aspects of gradient-based design
optimization. In the literature, the gradients of objective and
constraint functions with respect to designvariables are referred to as
sensitivities. The convergence of design optimization can be
significantly enhanced by improving the accuracy of sensitivities. In
design optimization, a significant proportion of the computational
cost can be expended in the evaluation of the sensitivities. There are
different methods to calculate sensitivities: analytical, automatic
differentiation, complex-step, and finite-difference. The analytical
method provides accurate and efficient sensitivity calculations [3,4].
Calculating sensitivities analytically is more efficient when an
adjoint method is used, in which the total cost of the sensitivity
analysis is almost independent of the number of design variables [5].
The analytical method requires the development of sensitivity code
by differentiating the analysis code with respect to design variables.
The development of the sensitivity code is a tedious and error-prone
process if hand differentiation is used. However, automatic
differentiation methods have advantages over hand differentiation in
reducing the effort and time spent for building the sensitivity code
[6]. Automatic differentiation methods use a chain-rule-based
technique for evaluating the derivatives of functions defined by
computer programs. Sensitivities can also be calculated with the
complex-step approach [7,8]. In this approach, the accuracy of
sensitivities is almost independent of step size but the computation
time and memory requirement significantly increase. Calculating
sensitivities with the complex-step method may also require a major
code revision, and yet this revision may be worth the effort as far as
accuracy improvement is concerned. The most common method
used in sensitivity calculations is the finite-difference method. The
main advantage of the finite-difference approach is that it is
nonintrusive. That is, it does not require additional programming to
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build a dedicated sensitivity code. Despite this advantage, the finite-
difference method has some deficiencies when it comes to accuracy
and computational cost.

The main objective of the proposed methods in this study is to
improve the accuracy of finite-difference sensitivities in iteratively
solved problems. Many factors can affect the accuracy of finite-
difference sensitivities. For example, using a computer processor or a
compiler that has higher precision or employing a higher-order finite-
difference stencil may reduce the errors in sensitivities. In iteratively
solved problems, the accuracy of sensitivities can also be improved by
evaluating the objective and constraint functions from a highly
converged solution. However, these improvements may result in an
increase in CPU time and computer memory use. For a given stencil,
thefinite-difference step size is another important factor that affects the
accuracy of sensitivities. Studies related to the accuracy improvement
offinite-difference sensitivities are not new.Gill et al. [9,10] developed
a method to compute the optimum step size for finite-difference
sensitivity calculations; Iott et al. [11] subsequently implemented
similar methods for the structural design of a swept wing. Haftka [12]
also introduced a modified finite-difference approach that reduces the
condition error in sensitivities. Eyi and Lee [13] implemented the
modified finite-difference method for inverse airfoil design. Barton
[14] developed a dynamic step-size adjustment method to find the
optimum step size as the optimization progresses. More and Wild
estimated the finite-difference sensitivities of noisy functions.†

In iteratively solved problems, errors in finite-difference
sensitivity calculations usually come from three different sources.
The first source is the round-off error due to the finite arithmetic
precision of the computer and it depends on the type of computer
processor and compiler. The second source is the convergence error,
which can be defined as the difference between the exact and iterative
solutions of discretized governing equations. Here, the exact solution
is defined as the solution that exactly satisfies the discretized
governing equations with a zero residual. Although it is not always
possible to reduce the residual values to the desired level, the
convergence error can be reduced by solving the discretized
governing equations with smaller residual tolerance. In practice,
finite-difference sensitivities are evaluated when the residual norm
has been reduced by three or four orders of magnitude from its
original size. The third source of error infinite-difference sensitivities
is the truncation error and it results fromneglected terms in the Taylor
series expansion. A truncation error depends on the accuracy of
the finite-difference stencil used in the sensitivity evaluations and
the finite-difference step size. In iteratively solved problems, if the
round-off error is neglected, the total error can be defined as the
summation of the convergence and truncation errors. In the present
study, a method is developed to find the optimum step size that
can minimize the norm value of total error in finite-difference
sensitivities. Although themethods presented in this study and inGill
et al. [9,10] are similar, the present methods are implemented for
different types of problems. The aim here is to find the optimum step
size for the iteratively solved vector functions as opposed to the
noniteratively solved scalar functions presented in Gill et al. [9,10].
In the present method, the calculation of the optimum step size is
dependent on two terms: the norm values of the convergence error
and the norm values of the higher-order sensitivities.

Having established the types of errors in finite-difference
sensitivities, the next step is to estimate the norm values of the
convergence error and higher-order sensitivities. There is great
interest in estimating the convergence error, not only to improve the
accuracy of sensitivity calculations but also to determine the stopping
criterion of iteratively solved problems. Ferziger and Peric [15,16]
used eigenvalue analysis and assumed that the system of nonlinear
equations has linear behavior as it gets closer to the converged
solution. Bergstrom and Gebart [17] implemented the same method
to estimate the convergence error for a flow problem in a draft tube.
Roy et al. [18] used an exponential equation to estimate the
convergence error of hypersonic flow problems. Alekseev [19]

calculated the convergence error using an adjoint parameter and time
derivative. Brezinski [20] developed amethod to estimate the error in
the solution of linear systems. In the present study, a new method is
developed that estimates the convergence error in iteratively solved
problems. The method is based on the eigenvalue analysis of linear
systems, as presented by Ferziger and Peric [15,16]. An equation is
developed between the convergence error and correctionvectors. The
convergence error vector is expressed as the linear combination of the
correction vectors and the coefficients of the correction vectors are
calculated by the least-squares minimization of the derived equation.

In addition to the convergence error, the norm value of higher-
order sensitivities is also needed for the calculation of optimum step
size. Although the finite-difference method can be used for this
purpose, the significant increase in the computation time is the main
obstacle. In the present study, higher-order sensitivities are
approximated from the previously calculated lower-order sensitiv-
ities. In recent years, there has been a growing interest in using
approximate solutions in the design optimization of computationally
expensive problems. Computer experiments [21] and surrogate
models [22,23] are frequently used to approximate the original
analysis codes. In the present study, an approximate differential
equation is developed using the available state variable sensitivities.
To estimate the coefficients of this differential equation, the least-
squares method is employed. This method is extensively used in the
estimation of the coefficients of differential equations [24–26]. Once
the differential equation is constructed, the higher-order sensitivities
are approximately evaluated by differentiating the differential
equation with respect to the design variables.

The overall methods presented in this study can be considered
semi-intrusive because estimating the convergence error and higher-
order sensitivities requires some small code developments without
majormodification in the analysis code. However, the effort spent for
the implementation of the proposedmethodsmay be small compared
to other intrusive methods. The remainder of this paper is organized
as follows. In Sec. II, the sources of error in finite-difference
sensitivities are analyzed for iteratively solved problems. Then, the
methods developed for the estimations of convergence error and
higher-order sensitivities are explained. In the last part of Sec. II,
the analytical sensitivity method that is used to verify the accuracy
of finite-difference sensitivities is presented. In Sec. III, first
the accuracy of the convergence error estimation method is
demonstrated for Laplace, Euler, andNavier–Stokes equations.Next,
the performance of the higher-order sensitivity estimation method is
investigated. Later, the accuracy of the optimum step-size estimation
with the proposedmethods is demonstrated. Finally, the effects of the
finite-difference sensitivity error on the convergence of inverse
aerodynamic design are presented. The conclusion is given in Sec. IV.

II. Sensitivity Analysis

In shape optimization problems, the objective function  can be
written in the following form:

 �  �w�X�; x�X�� (1)

where w and x are the state variable and grid coordinate vectors,
respectively. In the solution of flow equations, the state variables are
the flow variables. In general, the state variables and grid coordinates
are functions of the design variable vector,X. Although the objective
function may be evaluated directly in many shape optimization
problems without knowing the detailed functional relation between
the objective function and state variables, the formulation shown in
Eq. (1) may be useful to analyze the accuracy of sensitivities. The
sensitivity of the objective function with respect to the ith design
variable is

d 

dXi
� @ 
@w

dw

dXi
� @ 
@x

dx

dXi
(2)

The sensitivity equation, Eq. (2), includes two types of derivatives,
explicit and implicit. The explicit derivatives are easy to evaluate
because the function whose derivative is taken can be written as an
explicit relation of the independent variables. In Eq. (2), the explicit
derivatives are @ =@w, @ =@x, and dx=dXi. In implicit derivatives,

†Data available at http://www.optimization-online.org/DB_HTML/2010/
11/2787.html.
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the function whose derivative is taken implicitly depends on the
independent variables. The calculation of implicit derivativesmay be
more difficult and erroneous compared with explicit derivatives. In
the same equation, the implicit derivatives are the sensitivities of the
state variables, dw=dXi, and they are usually calculated using an
iterative solution technique. Because one of the objectives of this
study is to improve the accuracy of finite-difference calculations of
implicit sensitivity terms, the errors that occur in the implicit part of
the finite-difference sensitivities are analyzed in the following
subsections. Then, methods developed to estimate the convergence
error and higher-order sensitivities are introduced. These methods
are used in the calculation of the optimum finite-difference step size.

A. Finite-Difference Sensitivity Analysis

Any finite-difference stencil can be used in the evaluation of the
state variable sensitivities. In a firstorder forward-difference scheme,
the sensitivity vector with respect to the ith component of design
variable can be calculated as

�w

�Xi
� w�X��Xi� � w�X�

�Xi
(3)

where w�X� and w�X��Xi� are the state variable vectors for the
base and perturbed geometries, respectively, which are assumed to be
calculated from the exact solution of discretized governing (flow)
equations. This solution is the one that exactly satisfies the
discretized governing equations with a zero residual. The finite-
difference sensitivities calculated using the exact values of state
variables have truncation error due to neglected terms in the Taylor
series expansion,

�w

�Xi
� dw�X�

dXi
� d2w�&�

dX2
i

�Xi
2

(4)

where dw=dXi and d2w=dX2
i are the first- and second-order

analytical sensitivity vectors, respectively, evaluated at X and
& 2 �X;X��Xi�, respectively. Analytical sensitivity vectors can be
calculated by analytically differentiating the discretized form of
governing equations with respect to the design variables.

An exact solution of discretized governing equations is only
available for certain special problems. The calculation of the exact
solution for an arbitrary problem is difficult. In general, the state
variables used in finite-difference stencils are calculated from an
iterative solution of discretized governing equations. The solution
obtained from an iterative method may not exactly satisfy the
discretized governing equations. There are two main types of errors
in the iterative calculation of state variables. The first type is the
round-off error that occurs because the state variables are calculated
using a computer capable of handling a fixed number of digits. The
round-off error is related to the precision error, which depends on the
type of computer processor and compiler that is used. The precision
error is defined according to the machine epsilon, which is the
smallest floating-point number that can be added to 1.0 with a result
that does not round to 1.0. The machine epsilon is a very small
number; for example, in this study, it has a value of 5 � 10�17. Even
though the round-off error may play an important role in the stability
and the convergence of numerical methods, in stable methods it may
be neglected when compared with other errors‡ [27]. One of the
advantages of using an iterative method is that the round-off error in
iterative methods does not accumulate as it does in a direct method
[28,29]. The second type of error is the convergence error. In
iteratively solved problems, the state variables are evaluated when
the norm value of residuals in discretized governing equations is
reduced to a certain fraction of its original size. Solving equations
with a nonzero residual may result in error in the state variables and
this is called convergence error. In the present calculations, all
floating-point variables are calculated with double precision and the
round-off error is neglected compared with the convergence error.

Let ~w�X� and ~w�X��Xi� denote the iteratively computed
values of w�X� and w�X��Xi�, respectively. The relations

between the computed and exact values of the state variable vectors
can be written as

~w�X� �w�X� � "�X�
~w�X��Xi� � w�X��Xi� � "�X��Xi� (5)

where "�X� and "�X��Xi� are the convergence error vectors for
the base and perturbed geometries, respectively. Then, sensitivities
with the computed state variable vectors can be evaluated as

� ~w

�Xi
� ~w�X��Xi� � ~w�X�

�Xi
(6)

The relation between the computed and exact finite-difference
sensitivities becomes

� ~w

�Xi
� �w

�Xi
� "�X��Xi� � "�X�

�Xi
(7)

Substituting Eq. (4) into Eq. (7) gives a relation between the
computed finite-difference and analytical sensitivities

� ~w

�Xi
� dw�X�

dXi
� d2w�&�

dX2
i

�Xi
2
� "�X��Xi� � "�X�

�Xi
(8)

The total error vector, E��Xi�, can be defined as the difference
between the computed finite-difference and analytical sensitivities

E��Xi� �
d2w�&�
dX2

i

�Xi
2
� "�X��Xi� � "�X�

�Xi
(9)

Taking the norm values of both sides of Eq. (9) and applying the
triangle inequality gives

kE��Xi�k 	
����d2w�&�dX2

i

�����Xi2
� 1

�Xi
fk"�X��Xi�k � k"�X�kg

(10)

In the present study, ~w�X� and ~w�X��Xi� are evaluated when the
norm values of "�X� and "�X��Xi�, respectively, are reduced to a
predetermined level, k"Ak. The value of k"Ak is chosen according to
the desired accuracy level of the solution. The convergence error
vectors, "�X� and "�X��Xi�, are calculated by using the method
presented in the next section. Thus, Eq. (10) becomes

kE��Xi�k 	
����d2w�&�dX2

i

�����Xi2
� 2

�Xi
k"Ak (11)

The right-hand side of Eq. (11) approximates an upper bound of the
normvalue of the total error vector.Minimizing the right-hand side of
the equation also minimizes an upper bound on the total error in the
forward-difference sensitivities. Taking the derivative of the right-
hand side of Eq. (11) with respect to the step size, �Xi, and solving
the resulting equation yield the optimum step size

�Xiopt � 2

�������������������������������������
k"Ak

k�d2w�&��=�dX2
i �k

s
(12)

The optimum step size defined in Eq. (12)minimizes an upper bound
of the total error, and it is well defined when the norm values of
second-order sensitivities are nonzero. Substituting Eq. (12) into the
right-hand side of Eq. (11) gives a bound on the norm value of total
error evaluated with optimum step size,

kE��Xiopt�k 	 2

�������������������������������
k"Ak

����d2w�&�dX2
i

����
s

(13)

By assuming that the norm values of third-order sensitivities are
nonzero and performing a similar calculation to that of the forward-
difference method, the optimum step size in the central-difference
method can be evaluated as

�Xiopt �
��������������������������������������

3k"Ak
k�d3w����=�dX3

i �k
3

s
(14)‡Data available at http://www.grc.nasa.gov/WWW/wind/valid/tutorial/

errors.html.
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where, � 2 �X ��Xi;X��Xi�. In the central-difference method,
a bound on the total error is minimized when the optimum step size,
given in Eq. (14), is used. For this case, a bound on the norm value of
total error can be evaluated as

kE��Xiopt�k 	
1

2

����������������������������������������
9�k"Ak�2

����d3w���dX3
i

����3

s
(15)

In the first-order sensitivity calculations, the magnitude of the
optimum step size and the resulting sensitivity error are functions of
the norm values of the convergence error and higher-order state
sensitivities. In the past, similar relations were proposed to calculate
the optimum step size for scalar objective functions [9,10]. Inmost of
the previous studies, the objective functions were evaluated directly,
without using an iterative solution technique. As a consequence, only
the round-off error was considered in the calculation of the objective
functions. In iteratively solved problems, in addition to the round-off
error, the convergence error has to be considered. There are limited
studies on the calculation of the optimum step size for iteratively
calculated vector-valued functions§; thus, themotivation in this study
is to calculate the optimum step size for a state variable vector that is
evaluated using an iterative solution method.

B. Convergence Error Estimation

The calculation of the optimum finite-difference step size requires
the norm values of the convergence error. In this section, a new
method to estimate the convergence error in iteratively solved
problems is presented. Although the developed method is based on
the eigenvalue analysis of linear systems, it can also be used for
nonlinear systems, especially during near convergence when
nonlinear systems behave like linear systems and for which the error
estimation is most needed.

In this section, the iterative solution of a system of linear equations
is reviewed first. Similar reviews can also be found in Ferziger and
Peric [15,16]. The system of linear equations can be defined in the
following form:

Aw� b (16)

in which w is the exact solution of the system. An iterative scheme
can be constructed by splitting matrix A as follows:

A�M � N (17)

In this splitting,M is chosen so that the system can be easily solvable
with an iterative scheme,

M ~wn�1 � N ~wn � b (18)

where ~wn is the iterative solution of the state variable vector after n
iterations. Because w is the exact solution of the system, it also
satisfies the iterative scheme given in Eq. (18),

Mw� Nw� b (19)

At iteration n, the convergence error vector can be defined as the
difference between the iterative and exact solution vectors,

"n � ~wn � w (20)

Defining the correction vector �n as

�n � ~wn�1 � ~wn (21)

and using Eq. (20), the following relation between the correction and
convergence error vectors can be written as

�n � "n�1 � "n (22)

Subtracting Eq. (19) from Eq. (18) gives a relation between the
convergence error vectors of two successive iterates,

"n�1 �M�1N"n (23)

The iterative method converges if the spectral radius of the matrix
M�1N is less than one. The convergence of the iterative scheme can
be analyzed with the use of eigenvalues, �k, and eigenvectors, ’k,

M�1N’k � �k’k; k� 1; KMAX (24)

whereKMAX is the total number of state variables in the system. For
the case of complex eigenvalues, the following equation is also
satisfied:

M�1N’
k � �
k’
k ; k� 1; KMAX (25)

where �
k , and ’


k are the complex conjugates of the eigenvalues and

eigenvectors, respectively. Most of the time, iterative methods have
complex eigenvalues. In the present derivation, considering themore
general case and assuming real numbers as the special case of
complex numbers, complex eigenvalues and eigenvectors are used.
Using the linearly independent eigenvectors, the initial error "0 may
be expressed as a linear combination of eigenvectors,

"0 �
XKMAX
k�1

ak’k � a
k’
k (26)

where ak and a
k are generalized Fourier coefficients. The
combination of Eqs. (23) and (26) yields

"1 �
XKMAX
k�1

M�1N�’kak � ’
ka
k� (27)

Substituting Eqs. (24) and (25) into Eq. (27) gives

"1 �
XKMAX
k�1

ak�k’k � a
k�
k’
k (28)

By induction, the error vector at iteration n can be written as

"n �
XKMAX
k�1

ak��k�n’k � a
k��
k�n’
k (29)

After a number of iterations, the contribution of the largest
eigenvalue, �1, becomes more significant and the error vector can be
approximated as

"n � a1��1�n’1 � a
1��
1�n’
1 (30)

The derivation of these equations can also be found in Ferziger and
Peric [15,16]. In the present study, the followingmethod is developed
to estimate the convergence error, which is one of the original
contributions of this paper. Rearranging Eq. (30) yields the following
relationship between the convergence error vectors at iterationn� 1,
n, and n � 1:

"n�1 � ��1 � �
1�"n � �1�
1"n�1 (31)

It is not difficult to show that the convergence error vector can be
expressed as a function of the correction vectors,

"n�1 � �C1 � C2��n � C2�
n�1

C1 � C2 � 1
(32)

Substituting Eq. (22) into Eq. (31) gives the following relationship
between the correction vectors at iteration n, n � 1, and n � 2:

�n � C1�
n�1 � C2�

n�2 (33)

in which C1 and C2 are real numbers and functions of eigenvalues

C1 � �1 � �
1 C2 ����1�
1� (34)

In the calculation of the convergence error vector, first, the
coefficientsC1 andC2 are determined from the least-squares solution
of Eq. (33). Then, using Eq. (32), the error vector can be evaluated as
a function of the correction vectors of two successive iterations. To
calculate the coefficients, the correction vectors from the current and
previous two iterationsmust be stored. In thismethod, the calculation
of the values of eigenvalues is not required because the values of
coefficients C1 and C2 are sufficient to determine the convergence
error vectors.

Increasing the number of eigenvalues may improve the
convergence error estimation. For example, approximating
Eq. (29) by using the first and second largest eigenvalues, the
convergence error vector can be formulated as

"n � a1��1�n’1 � a
1��
1�n’
1 � a2��2�n’2 � a
2��
2�n’
2 (35)

The following relation can be derived to calculate the convergence
error vector at iteration n� 1,

§Data available at http://www.optimization-online.org/DB_HTML/2010/
11/2787.html.
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"n�1 � �C1 � C2 � C3 � C4��n � �C2 � C3 � C4��n�1 � �C3 � C4��n�2 � �C4��n�3
C1 � C2 � C3 � C4 � 1

(36)

Similarly, the relation between the correction vector at iteration n and
the correction vectors at iterations n � 1, n � 2, n � 3, and n � 4 can
be written as

�n � C1�
n�1 � C2�

n�2 � C3�
n�3 � C4�

n�4 (37)

In parallel with the previous derivations, the real coefficients C1,C2,
C3, and C4 in Eq. (36) are the functions of eigenvalues and these
coefficients are calculated from the least-squares solution of Eq. (37),

C1 � �1 � �
1 � �2 � �
2
C2 ����1�
1 � �1�2 � �1�
2 � �
1�2 � �
1�
2 � �2�
2�
C3 � �1�
1�2 � �1�
1�
2 � �1�2�
2 � �
1�2�
2
C4 ����1�
1�2�
2�

(38)

In the calculation of these coefficients, the correction vectors must be
stored from the current and last four iterations. As explained in the
calculation of the convergence error vector, the values of eigenvalues
are not required. The convergence error vector can be calculated as a
function of coefficients C1, C2, C3, and C4.

The relations given in the preceding equations can be generalized
for an arbitrary number of eigenvalues. Approximating Eq. (29) by
using the Meigen number of eigenvalues, the convergence error
becomes

"n � a1��1�n’1 � a
1��
1�n’
1 � . . .� aMeigen
��Meigen

�n’Meigen

� a
Meigen
��
Meigen

�n’
Meigen
(39)

By induction, the convergence error vector can be generalized for an
arbitrary number of eigenvalues,Meigen, as

"n�1 � �
P2Meigen

m�1 Cm��n � �
P2Meigen

m�2 Cm��n�1 � �
P2Meigen

m�3 Cm��n�2 � . . .� �C2M��n�2Meigen�1P2Meigen

m�1 Cm � 1
(40)

Similarly, the correction vector can be generalized as

�n �
X2Meigen

m�1
Cm�

n�m (41)

As previously explained, the coefficients Cm in Eq. (40) are real
numbers, and they are determined from the least-squares solution of
Eq. (41). In the calculation of the coefficients, the correction vectors
from the current and last 2Meigen iterations must be stored. Although
increasing the number of eigenvalues may improve the accuracy of
the convergence error estimation, this improvement may also result
in an increase in the amount of memory required to store the
correction vectors from the previous iterations.

In many iteratively solved problems, the convergence rate is
superlinear, so that the convergence accelerates as the error gets
smaller. For example, in Newton’s method, a quadratic convergence
rate can be achieved and the residual can be reduced to the order of
machine epsilon in a few iterations. In such cases, the estimation of
convergence error with an arbitrary number of eigenvalues may be
difficult. There may not be sufficient iterations to determine the
coefficients in Eq. (41). A smaller number of eigenvalues may be
used in these problems.

C. Higher-Order Sensitivity Estimation

In a finite-difference scheme, estimating the optimum step size for
the first-order sensitivity calculations requires the norm values of
higher-order sensitivities. As stated in Eqs. (12) and (14), the
optimum step sizes in the forward- and central-difference schemes
are inversely proportional to the normvalues of the second- and third-
order sensitivities, respectively. One of the easiest approaches is to
approximate the norm values of these sensitivities as unity. However,
this approximation may degrade the accuracy of sensitivities.
Another approach is to use the finite-difference method. Although
this method is more accurate, it requires additional function
evaluations and step-size estimation. An algorithm for estimating an
appropriate step size for the second-order sensitivities of a scalar
objective function is given in Gill et al. [9,10]. In this algorithm, the
optimum step size is decided if the values of the relative condition
error arewithin an acceptable range (0.001–0.1). The condition error
is defined as the error in sensitivities due to the inaccurate values of
the objective function. Even though this method is useful for
estimating the step size of the second-order sensitivities, satisfying
the relative condition error in a given range may require several
function evaluations and thus may significantly increase the
computational cost. Therefore, using a finite-difference method to
estimate the second-order sensitivities may not be very practical if
there are a large number of design variables.

In the design optimization of complex and computationally
expensive systems, computer experiments and statistical methods are
frequently used [21–23]. The basic approach in these methods is the
construction an approximate or surrogate model of the computa-
tionally expensive analysis code. Another original contribution of
this paper is the development of an approximate method to estimate
the norm values of the higher-order state sensitivities. Here, the
intention is not to achieve highly accurate calculations of higher-

order sensitivities but to estimate the order of magnitude without
significantly increasing the computer’s CPU time and memory
usages. Most of the laws in physics and technology are governed by
simple linear relationships between the function and its first-order
derivative. Although different types of approximation are possible,
the following approximate differential equation is constructed
because of its simplicity

�i
dw�X�
dXi

� �i � w�X� � 0 (42)

wherew�X� and dw�X�=dXi are the state variable and the first-order
sensitivity vectors of ith design variable, respectively. The
coefficients �i and �i are constants, to be determined by a least-
squares method. The following function, F i, is minimized for the
known values of the kth state variables and sensitivities:

F i �
XKMAX
k�1

�
dwk
dXi
� �i � wk

�
2

(43)

where KMAX is the size of the state variable or sensitivity vectors
and is equal to the total number of state or sensitivity variables in the
solution domain. Taking the derivatives of Eq. (43)with respect to the
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coefficients of �i and �i and setting the resulting equations to zero,
a system of equations can be constructed. Once the unknown
coefficients�i and �i are calculated, the differential equation given in
Eq. (42) is differentiated with respect to design variables Xi and the
second-order sensitivities can be approximated as

d2wk
dX2

i

�
�
dwk
dXi

��
�i (44)

In Eq. (44), evaluating the value of �i from Eq. (42) gives another
relation for the second-order sensitivities,

d2wk
dX2

i

�
�
dwk
dXi

�
2
�
�wk � �i� (45)

The second-order state sensitivities calculated with Eqs. (44) and
(45) have the same value if the coefficients �i and �i exactly satisfy
Eq. (42). However, if the coefficients are calculated with a least-
squares approximation, the differential equation is not exactly
satisfied and Eqs. (44) and (45) may give different values. In the
present study, the geometric mean of Eqs. (44) and (45) is used to
estimate the magnitude of second-order sensitivities,

����d2wkdX2
i

�����
������������������������
�dwk=dXi�3
�i�wk � �i�

s
(46)

Estimating the optimum step size for the central-difference
scheme requires the norm values of the third-order sensitivities. The
third-order sensitivities can be estimated by differentiating the
approximate differential equation twice. Similar to the derivations of
Eqs. (44) and (45), two equations can be derived to estimate the third-
order sensitivities. The geometric mean of these equations can be
used to calculate the third-order sensitivities,

����d3wkdX3
i

�����
�������������������������������������������������
�d2wk=dX2

i �2�dwk=dXi�
�i�wk � �i�

s
(47)

As in the forward-difference scheme, the coefficients �i and �i in
Eq. (47) can be estimated from the least-squares minimization of
Eq. (42). However, in the central-difference scheme, a better method
is available to estimate these coefficients. The following differential
equation can be constructed by differentiating Eq. (42) with respect
to design variable Xi:

�i
d2wk
dX2

i

� dwk
dXi
� 0 (48)

In Eq. (48), the second-order sensitivities can be evaluated using
the information available from the calculation of the first-order
sensitivities with the central-difference scheme. Hence, in the
central-difference scheme, in addition to Eq. (42), Eq. (48) can also
be minimized with respect to the coefficients �i and �i. In this study,
for the central-difference scheme, the following function is
minimized to evaluate the coefficients of �i and �i:

F i �
XKMAX
k�1

��
�i

dwk
dXi
� �i � wk

�
2

�
�
�i

d2wk
dX2

i

� dwk
dXi

�
2
�

(49)

In the proposed approximate method, some entries of the higher-
order sensitivity vector are not defined because the value inside the
square root of Eqs. (46) and (47) may be negative. However, this
situation may not cause any problems in the calculation of the norm
values of higher-order sensitivities as long as the number of these
entries is small. Undefined values of higher-order sensitivities can be
excluded in the calculation of the norm values. Having undefined
entries in higher-order sensitivity vectors may be related to using an
inappropriate formof differential equation in Eq. (42).More research
may be needed to decide on the form of the approximate differential
equation.

Themain advantage of using the approximate method is that when
compared to first-order sensitivity calculations, the increase in CPU

time and computer memory usage for the higher-order sensitivity
calculations is almost negligible. In the approximate method, a 2 � 2
matrix is solved for each design variables. Once the �i and �i
coefficients are evaluated, the second- and third-order state sensi-
tivities can be calculated using Eqs. (46) and (47), respectively.

In design optimization, the following procedures can be used in
the implementation of the approximatemethod for the optimum step-
size calculation. At the first iteration of the design, the optimum step
sizes can be calculated by assuming the norm values of the higher-
order sensitivities to be unity. Starting from the first iteration, after
the first-order sensitivities are evaluated, the approximate method
can be used to estimate the higher-order sensitivities. Assuming
that the norm values of the higher-order sensitivities do not change
significantly from one design iteration to next, the norm values
evaluated from the previous iteration can be used to estimate the
optimum step size in the current iteration.

In this study, the accuracy of the approximate method is verified
with the finite-difference method. The algorithm given in Gill et al.
[9,10] is modified to calculate the finite-difference step size of the
higher-order sensitivities for vector-valued functions. The original
algorithm is used to calculate the finite-difference step size of
the second-order sensitivities for scalar objective functions. In the
modified algorithm, the absolute values of scalar functions are
replaced by the norm values of vector functions.

D. Analytical Sensitivity Analysis

In this study, analytical sensitivities are used to verify the accuracy
of the finite-difference sensitivities. To develop the analytical sensi-
tivity code, the discretized Euler equations used in finite-difference
sensitivity calculations are differentiated with respect to the design
variables. A brief description of the analytical sensitivity method is
presented below. Detailed information about the method can be
found in Eyi and Lee [30].

The two-dimensional unsteady Euler equations in the Cartesian
coordinates can be written as

@w

@t
� @f
@x
� @g
@y
� 0 (50)

wherew is the flow variable vector and f and g are the flux vectors in
the x and y directions, respectively. The system given in Eq. (50) can
be transformed from a physical space �x; y� to a computational space
��; �� as

@W

@t
� @F
@�
� @G
@�
� 0 (51)

where

W �wh; h� x�y� � x�y�
F � fy� � gx�; G� gx� � fy�

In the preceding equations, x�, y�, x�, and y� are the transformation
metrics andh is the Jacobian of the transformation. The characteristic
boundary conditions are used for the far-field. On an airfoil surface,
zero normal mass fluxes are enforced and the pressures are
extrapolated using the normal momentum equation.

In analytical sensitivity calculations, the material derivative
approach is used inwhich the sensitivity of a flow variable consists of
two parts. The first part is the rate of change of the flow variable at a
fixed point of domain and is often referred to as the local sensitivity,
denoted as @w=@Xi. The second part is the convective part,
representing the change due to the variation of the domain itself,

dw

dXi
� @w

@Xi
� V̂ � rw (52)

Here, V̂ is called the design shape velocity or grid velocity and its
components, û and v̂, can be defined as
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V̂ � �û; v̂�; û� dx

dXi
; v̂� dy

dXi
(53)

In the calculation of the analytical sensitivities, a direct
differentiationmethod is used. In thismethod, theEuler equations are
differentiated with respect to design variables Xi,

d

dXi

�
@w

@t
� @f
@x
� @g
@y

�
� 0 (54)

Eq. (54) can be written in generalized coordinates as

@ �W

@t
� @

�F

@�
� @

�G

@�
�H � 0 (55)

where

�W � dw

dXi
h; �F� df

dXi
y� �

dg

dXi
x�; �G� dg

dXi
x� �

df

dXi
y�;

H � @

@�
�fv̂� � gû�� �

@

@�
�gû� � fv̂�� �

R

h

dh

dXi

In the preceding equations, the residual of theflow analysis,R, can be
neglected when the flow analysis is fully converged. The boundary
conditions of Eq. (55) are implemented by differentiating the
boundary conditions of the Euler equations with respect to the design
variables. In the solution of the Euler and sensitivity equations, the
same numerical discretization methods are used.

III. Results

The performance of the optimum step-size estimation method is
demonstrated. As already stated, the optimum finite-difference step
size can be evaluated as a function of twoparameters, the normvalues
of the convergence error and the higher-order sensitivities. In this
section, first, the accuracy of the methods developed for estimating
the convergence error and the higher-order sensitivities are verified.
Then, the performances of the calculation of the optimum step size
with the proposed methods are demonstrated. Finally, the effects of
the optimum step-size calculation on the convergence of inverse
aerodynamic design are investigated.

A. Convergence Error Estimation

The accuracy of themethod for estimating the convergence error is
tested for both linear and nonlinear problems. All calculations in this
study were performed with double precision on a 1.5 GHz Pentium
IV dual core processor. As a linear problem, a two-dimensional
Laplace equation in a square domain (0< x < 1; 0< y < 1) is solved
using the successive over-relaxation method with a relaxation
parameter of �. The Laplace equation is one of the few equations
whose exact solution can be analytically evaluated with the
appropriate boundary conditions. A second-order central-difference
scheme is used on a uniform Cartesian grid. The boundary condition
is chosen to satisfy the solution ’�x; y� � 100xy. Because the terms
related to the truncation error are eliminated, this analytical solution
is also the exact solution of the Laplace equation that is discretized
with the second-order and central-difference scheme [15,16]. The
real value of the convergence error is calculated as the difference
between the exact solution and the computed solution from the
current iteration. The estimated error is defined as the error calculated
with the proposed method explained in Sec. II.B. To have better
understanding of the order of the error in each entry of the
convergence error vector, the norm values are redefined according to
following relations:

k"kp �
�

1

KMAX

XKMAX
k�1
j"kjp

�1
p

;

k"k1 �max�j"1j; . . . ; j"KMAXj�
(56)

The first equation given in Eq. (56) for p� 1 and p� 2 corresponds
to the absolute-mean and root-mean-square, respectively. Unless
otherwise stated, in all figures to predict the convergence error, the
number of eigenvalues, Meigen, is set to 8. Solving the Laplace
equation with a grid size of 80 � 80 gives the number of state
variables, KMAX, of 6400.

Figure 1a shows the k"k2 norm values of the real and estimated
convergence errors and their differences. The sole reason for showing
the norm value of the residual vector in Fig. 1a is to see the
effectiveness of using residual values to estimate the convergence
error. The norm values of the residual are almost two orders of
magnitude smaller than that of the convergence error. Hence, instead
of the convergence error, if the residual was used in Eq. (12), the
optimum step size in the forward-difference method would be one
order of magnitude smaller than the actual values. The results show
that although the residual itself is not a good parameter to predict the
convergence error, the proposed method can accurately estimate
the convergence error. As the number of iterations increases, the
difference between the real and estimated errors decreases. In Fig. 1b,
the effects of the number of eigenvalues on the estimation of the
convergence error are presented. The results show that increasing
the number of eigenvalues from1 to 128 improves the accuracy of the
error prediction. Increasing the number of eigenvalues decreases
the amplitude of oscillation in the estimated error; however, this
requires more memory to store the correction vectors. As shown in
Eq. (41), using Meigen number of eigenvalues entails the storing of
the correction vectors from the last 2Meigen iterations. In the
estimation of the convergence error with Meigen number of eigen-
values, the convergence error estimation starts after 2Meigen number
of iterations. In the present study, until that iteration is reached, the
convergence error is estimated with the maximum number of
available eigenvalues. The convergence error estimation starts at the
fourth iteration by using only one eigenvalue. Between iterations
four and 2Meigen, the convergence error at iteration n is estimated
using the n=2 or �n � 1�=2 number of eigenvalues, depending on
whether the iteration number is even or odd, respectively.

The norm values of the convergence error estimated using the
proposed method and the method given in Ferziger and Peric [15,16]
are compared in Fig. 1c. In this comparison, the value of the over-
relaxation parameter, �, is set to 1.95, which is the maximum
attainable value for this grid size. The solution diverges with higher
values of�. This figure clearly shows the superiority of the proposed
method. In the method given in Ferziger and Peric, the convergence
error is estimated by using the largest eigenvalue, hence, the accuracy
level of the method is fixed. However, the accuracy level of the
proposed method can be adjusted by changing the number of
eigenvalues. In Fig. 1c, the proposed method uses two different
numbers of eigenvalues, 8 and 128. In terms of estimating the
convergence error, the proposed method with 8 eigenvalues is more
successful than themethod given in Ferziger andPeric. Figure 1c also
shows that the accuracy of the proposed method improves as the
number of eigenvalues increases. If the proposed method uses 128
eigenvalues, the real and estimated errors cannot be distinguished
after 100 iterations. Figure 1d shows the effects of the value of the
relaxation parameter,�, on the estimation of the convergence error.
In all cases, the values of estimated and real errors are very close to
each other.

Next, the performance of the convergence error estimationmethod
is analyzed for nonlinear problems. Two-dimensional Euler and
Navier–Stokes equations are solved around a NACA 0012 airfoil at
transonic flow conditions (M� 0:730, �� 2:78 deg, Re� 6:5�
106). Solving the equations at transonic flow condition increases the
nonlinearity in the solution. A finite-volume method is used for
spatial discretization and the flow variables are defined at the cell
centers. Centered differencing is used for the spatial derivatives and
the second-order and fourth-order artificial viscosities are added to
enforce numerical stability. Time integration is performed using an
explicit four-stage Runga–Kutta scheme. Local time stepping and a
multigrid method are implemented to accelerate the convergence to
obtain a steady-state solution. The multigrid level for the Euler and
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Navier–Stokes solutions are three and four, respectively. Character-
istic boundary conditions are imposed at the far-field boundary based
on a one-dimensional eigenvalue analysis. In the solution of the Euler
equations, zero normal mass flux is enforced at the airfoil surface and
the pressures are extrapolated from the inside cells using the normal
momentum equation. In the Navier–Stokes solutions, no-slip and
adiabatic wall conditions are used at the airfoil surface and the
Baldwin–Lomax eddy-viscosity model is included for turbulence
closure. In the Euler computations, the grid size is 129 � 33. In the
Navier–Stokes computations, the grid size is 257 � 65 and the
minimum grid spacing next to thewall is 10�5. Having four variables
in each cell, the values of KMAX are 17028 and 66820 in the
solutions of the Euler andNavier–Stokes equations, respectively. It is
difficult to find analytical relations for the exact solution of the Euler
and Navier–Stokes equations. Therefore, in these problems, the
exact solutions are estimated by iterating solutions until the residual
norm becomes on the order of a machine epsilon in double precision.
The real convergence error is calculated as the difference between the
solutions for the current iteration and the exact solution. As in the
solution of the Laplace equation, the estimated convergence error is
calculated by using the method presented in Sec. II.B. The conver-
gence error is calculated on the finest grid of a multigrid cycle and
all four conservative flow variables are used in the error estimation.

As a nonlinear problem, the convergence error analysis is first
performed on the Euler equations. Figure 2a shows the change of the
real and estimated errors and their difference in relation to the number
of iterations. In this figure, the convergence error is estimated using 8
eigenvalues. Although the equations are nonlinear and the flow
conditions enforce the nonlinearity, the real and estimated errors are
almost the same. The difference between the estimated and real errors
decreases as the number of iterations increases. Figure 2a also shows
the variation of the residual with respect to the number of iterations,

and it can be seen that there is a large difference between the residual
and convergence error. Therefore, the residual may not be a good
parameter to predict the error. The effects of the number of
eigenvalues on the estimation of the convergence error are analyzed
in Fig. 2b. Results show that the accuracy of convergence estimation
method can be significantly improved by increasing the number of
eigenvalues. Figure 2c shows that in all three norms, the proposed
method predicts the convergence error very accurately. FromFig. 2d,
it can be seen that the value of the Courant–Friedrichs–Lewy (CFL)
number does not affect the performance of the proposed error
estimation method.

Last, the performance of the proposed method is demonstrated for
the Navier–Stokes equations, in which there are additional nonlinear
terms related to viscous fluxes and turbulencemodeling. The real and
estimated errors are determined by methods similar to those used in
the Euler equations. Figure 3a shows that the proposed method
can estimate the convergence error very accurately for nonlinear
problems. The estimated error almost exactly matches the real error
and large reductions are achieved in the difference between the
estimated and real errors. In Fig. 3b, it can be seen that increasing the
number of eigenvalues decreases the difference between the real and
estimated error. However, these improvements in error estimation are
achieved at the cost of a large increase in CPU time. For many
engineering problems, setting the number of eigenvalues between 2
and 8 may be sufficient. The real and estimated errors comparison
using different norms is shown in Fig. 3c, and again, excellent results
are achieved for nonlinear problems. In iterative schemes, it is not
always possible to reduce the residual values to the order of the
round-off error. In the solution of the Navier–Stokes equations, only
the CFL number of 1.5 reduces the residual values to that order.
Hence, the effects of the CFL numbers on the accuracy of the
convergence error estimation method could not be explored for the

Fig. 1 Convergence error estimation for the Laplace equation.
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Navier–Stokes equations. Figure 3d compares real and estimated
errors at the initial iterationswith the estimated error being calculated
with different numbers of eigenvalues. Results show that the
convergence error can be accurately estimated in the first twenty
iterations, which is a sizeable advantage for finite-difference
sensitivity calculations.

B. Higher-Order Sensitivity Estimation

In the finite-difference calculation of the first-order sensitivities,
the estimation of the optimum step size requires the norm values of
the higher-order sensitivities, i.e., the second-order sensitivities for
the forward-difference scheme and the third-order sensitivities for
the central-difference scheme. The finite-difference calculation of
higher-order sensitivities significantly increases the computational
time. In Sec. II.C, the approximate method was proposed to estimate
the norm values of the higher-order state sensitivities. Even though
this method is computationally efficient, the accuracy of the method
may be degraded because the differential equation used to estimate
the higher-order sensitivities is approximately constructed. In this
section, the accuracy of the approximate method is verified using the
finite-difference method. A central-difference scheme is used to
calculate the value of the higher-order sensitivities. In the estimation
of an appropriate finite-difference step size, an algorithm similar to
the one given in Gill et al. [9,10] is implemented. The higher-order
state sensitivities are evaluated by solving the Euler and Navier–
Stokes equations for the same geometry, flow conditions, and grids
used in the convergence error estimation. The sizes of the state
variable and sensitivity vectors used in the convergence error and
higher-order sensitivity estimations are the same; that is, thevalues of
KMAX are 17028 and 66820 in the solutions of the Euler and
Navier–Stokes equations, respectively. In higher-order sensitivity

calculations using finite-difference and approximate methods, the
norm values of convergence error in state variables is reduced to
10�16. The Hicks–Henne and Wagner shape functions [31] are used
to modify the airfoil geometry and the weighting coefficient of these
shape functions are used as design variables. The total geometry
change perpendicular to the airfoil chord is defined as a linear
combination of shape functions,

�y�
XIMAX
i�1

Xifi�x� (57)

In Eq. (57), �y is the total geometry change perpendicular to the
airfoil chord, fi is the shape function, which is controlled by the
ith design variable, Xi, x is the chord-wise location, and IMAX is
the total number of design variables. In the calculation of the
sensitivities, all the design variables are fixed except the one for
which the sensitivity is calculated. Once the airfoil geometry is
modified, a new grid is generated by translating the old grid points
with a distance of �y. A total of fourteen design variables are used;
thefirst sevenvariablesmodify the upper surface of the airfoil and the
remaining variables modify the lower surface.

First, the Euler equations are used in the comparison of the higher-
order sensitivities calculated with the finite-difference and the
proposed approximate methods. The results with the Hicks–Henne
functions are shown in Fig. 4a for the norms of k:k2. Each Hicks–
Henne function has only one maximum, and the location of the
maximum in a chord-wise direction can be controlled by the user.
Depending on the location of the maximum, each member of the
Hicks–Henne functions is effective in modifying particular parts of
the airfoil. The norm values of the higher-order state sensitivities
have the largest values for the third design variable, while the

Fig. 2 Convergence error estimation for the Euler equations.
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higher-order state sensitivities of the seventh and fourteenth design
variables have the second largest values. The eighth design variable
produces the smallest norm value in the higher-order sensitivities.
There is approximately a two-orders of magnitude difference be-
tween the largest and smallest norm values of the higher-order
sensitivities. There are some discrepancies between the norm values
of the higher-order sensitivities calculated with the finite-difference
and the proposed approximate methods. However, these discrep-
ancies aremoderate, such that the approximatemethod can be used to
estimate the order of magnitude of the higher-order sensitivities.

To investigate the effects of different shape functions on the
performance of the proposed approximate method, a similar evalu-
ation is performed using the Wagner functions, which are quite
different in shape from those of the Hicks–Henne functions.
Although the Hicks–Henne functions have only one maximum, the
Wagner functions have one global minimum or maximum; but they
may also have several local minimums and maximums. The Wagner
functions may be more effective in simultaneously modifying the
different locations of the airfoil geometry. In Fig. 4b, the values of
the higher-order sensitivities of the Wagner functions are shown
with the k:k2 norm. The largest and smallest norm values of the
higher-order sensitivities are produced by the fifth and ninth design
variables, respectively, and there is a two-orders of magnitude
difference between them. The results indicate that the proposed
approximate method is successful in estimating the order of the
higher-order sensitivities. Because the approximate method does not
require any flow analysis, the CPU time needed to evaluate higher-
order sensitivities is almost negligible. In both the Hicks–Henne and
Wagner functions, the ratio ofCPU time of the proposed approximate
method to that of thefinite-differencemethod is on the order of 0.001.
The variations of the norm values of the second- and third-order

sensitivities with respect to the design variables show a similar
behavior. The norm values of the third-order sensitivities resemble
the amplification of the norm values of the second-order sensitivities.
Although the norm values of the higher-order sensitivities change
with respect to the norm types, the variation of the norm values with
respect to the design variables shows similar behavior for all three
norms.

In the finite-difference calculation of the third-order sensitivities
with the Navier–Stokes equations, some difficulties are encountered.
For example, the main obstacle is finding the appropriate finite-
difference step size for the third-order sensitivity calculation. These
difficulties may be related to the nondifferentiable terms in artificial
dissipation and turbulence modeling. The third-order sensitivities
can be estimated with the proposed approximate methodwithout any
problems. Because these sensitivities with the finite-difference
method are not available, the comparison of the finite-difference
and the proposed approximate method is performed only with the
second-order sensitivities. The second-order sensitivities calculated
with the Wagner functions are shown in Fig. 4c. In Navier–Stokes
calculations, the largest and the smallest norm values of the second-
order sensitivities are calculated with the same design variables used
in the Euler equations. In the results calculated with the Navier–
Stokes equations, there are approximately two-orders of magnitude
differences between the largest and smallest normvalue of the second
sensitivities. The ratio of the CPU time of the approximate method to
that offinite-differencemethod being on the order of 0.0001 is almost
negligible. For the same type of shape function, the variation of the
norm values of the second-order sensitivities with respect to the
design variables appears to be similar. However, the magnitude of
the norm values of the second-order sensitivities is larger in the
Navier–Stokes computations.

Fig. 3 Convergence error estimation for the Navier–Stokes equations.
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To evaluate the overall performance of the proposed approximate
method, the relative errors in higher-order sensitivities are calculated.
For each design variable, these calculations are performed for
eighteen different cases. The relative errors in the second-order
sensitivities are calculated using the Euler and the Navier–Stokes
equations for three different norm types and two different shape
functions. In the calculation of the relative errors in the third-
order sensitivities, only the Euler equations and the same shape
functions and norm types are used. The relative errors in the second-
and third-order sensitivities are calculated using the following
relation:

Relative Error �

��k dnw
dXn

i
kapproximate � k d

nw
dXn

i
kfinite-difference

��
k dnw

dXni
kfinite-difference

n� 2; 3

(58)

For each design variable, the largest value of the relative error is
selected among the second- and third-order sensitivities. Figure 4d
shows the largest value of relative error for each design variable,
namely, theworst cases. As seen from the figure, the largest values of
the relative error are less than one in most of the design variables. In
this study, the largest value of the relative error is observed in the
evaluation of the second-order derivative with the Euler equations.
The thirteenth design variable in the Wagner function produces a
relative error value of approximately two, and this error is measured
with the k:k1 norm. Although for some of the design variables, the
magnitude of the relative error may be large, in general, the proposed
method is accurate enough to estimate the order of magnitude of the
higher-order sensitivities, which the optimum step-size calculations
may need the most.

C. Finite-Difference Sensitivity Calculations

The variation of error in the finite-difference sensitivities with
respect to the convergence error and step size is examined. The error
in the finite-difference sensitivities is defined as the difference
between the sensitivities evaluated with the finite-difference and
analytical methods. The analytical and finite-difference sensitivities
are calculated for the same discretized Euler equations. The finite-
difference sensitivities are evaluated with different step sizes, �X,
and convergence error levels, ". Because the perturbation magnitude
is small, in order to reduce the number of iterations, the flow field in
perturbed geometry is initialized with the converged solution of base
geometry. However, if the finite-difference step size is too small for a
given convergence error level, the iterations in the perturbed
geometry stop after a few iterations. This may cause oscillation in the
norm values of sensitivity error. To prevent the oscillations, for each
norm value of convergence error, a minimum finite-difference step
size is determined. For a given step size, if the specified value of
convergence error is reached within three iterations, the smaller step
sizes are not used. The norm value of error in sensitivities with
respect to the step size is plotted for the constant norm value of the
convergence error. The averaging effects of normsmay cause smooth
variations in sensitivity errors even for the small step sizes. The same
type of norm is used for both the finite-difference and convergence
error calculations. For each convergence error level, the actual values
of the optimum step size and corresponding error can be determined
from these plots. The optimum step size and the corresponding error
can also be estimated from the relations derived in Sec. II.A. The
estimated results are marked in the figures with the symbols of
filled circles or squares, depending on whether the higher-order
sensitivities are calculated with finite-difference or the proposed
approximate methods, respectively. The values of the optimum step
size and corresponding error are estimated using the norm types

Fig. 4 Second- and third-order sensitivity estimation.
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defined in Eq. (56). The optimum step sizes are inversely propor-
tional to the norm values of the higher-order sensitivities. To reduce
the number of figures, the results are only shown for the design
variables that have the minimum and the maximum norm values in
the higher-order sensitivities.

First, the Hicks–Henne functions are used in the accuracy
evaluation of the forward-difference scheme. In this scheme, the
optimum step size is inversely proportional to the square root of the
second-order sensitivities. In the Hicks–Henne functions, the third
and eighth design variables produce the largest and smallest norm
values in the second-order sensitivities, respectively. Hence, the error
in the finite-difference sensitivities is only evaluated for the third and
eighth design variables. Figures 5a and 5b show the k:k2 norm values
of the sensitivity error for the third and eighth design variables,
respectively. The results verify that Eqs. (12) and (13) can accurately
predict both the optimum step size and the norm values of error in
sensitivities. In all three norms, the optimum step sizes of the eighth
design variable are almost one order magnitude larger than those of
the third designvariable. This is expected because the norm values of
the second-order sensitivities of the eighth design variable are almost
two orders of magnitude smaller than those of the third design
variable. For the same reason, the error calculated with the eighth
design variable is one order of magnitude smaller than the error
calculated with the third design variable. In general, the values of
the second-order sensitivities calculated with the finite-difference
and the proposed approximate methods give similar results for the
optimum step size and the resulting error. Larger discrepancies are
observed in the eighth design variable, because the second-order
sensitivities calculated with the approximate method have a larger
relative error in the eighth design variable.

Next, the accuracy of the forward- and central-difference
schemes is evaluated using the Wagner functions. The values of

finite-difference and analytical sensitivities are only compared for the
fifth and ninth design variables, which produce the largest and
smallest norm values, respectively, in the higher-order sensitivities.
In the calculation of the forward-difference sensitivities, the fifth
design variable is used. In the forward-difference scheme, the
optimum step size and the corresponding error are evaluated using
the k:k1 norm values of convergence error and the second-order
sensitivities. Figure 5c shows that the optimum forward-difference
step size and the corresponding error are accurately predicted, as in
the Hicks–Henne functions. In the central-difference calculations,
the ninth design variable is used. For a given convergence error level,
the optimum step size in the central-difference scheme is inversely
proportional to the cube root of the third-order sensitivities. In the
central-difference schemes, the results are demonstrated using the
k:k1 norm values of convergence error and third-order sensitivities.
Figure 5d shows that the optimum step sizes and the corresponding
sensitivity errors are accurately estimated with Eqs. (14) and (15). As
seen from the figures, in both the forward- and central-difference
schemes, the values of the optimum step size and error predictedwith
the proposed approximate method are very close to those predicted
with the finite-difference method.

D. Inverse Design Optimization

The effects of the accuracy of the sensitivities on the convergence
of inverse design, calculated with both the analytical and finite-
difference methods, are examined. A least-squares optimization
method is used to minimize the pressure discrepancies between the
designed and target airfoils. Euler or Navier–Stokes equations are
used for the flow analysis. As in previous calculations, the grid sizes
are 129 � 33 and 257 � 65 in the design with Euler and Navier–
Stokes equations, respectively. A total of fourteen design variables

Fig. 5 Sensitivity error in the Euler equations.
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are used to modify the airfoil geometry. The detailed analysis of the
inverse design method is given in Eyi and Lee [30]. The following
objective function is defined as the surface pressure discrepancies
between the target and designed airfoils:

 �
Z
�

�pt � pd�2 d� (59)

In Eq. (59), pt and pd are the surface pressure distributions of the
target and the designed airfoils, respectively.� is the arc length along
the airfoil surface.

The convergences of this objective function evaluated with
analytical and finite-difference sensitivities are compared. The
forward- and central-difference schemes are used to evaluate the
finite-difference sensitivities. In both schemes, sensitivities are eval-
uated using the optimum finite-difference step size. In the estimation
of the optimum step size, the norm values of the convergence error
and higher-order sensitivities are evaluated using the proposed
methods. In addition to the proposed approximate method, the norm
values of higher-order sensitivities are evaluated with the finite-
difference method and are assumed to be unity. The results are
demonstrated using different norm types. The effects of shape
functions on the convergence of design optimization are studied
using the Hicks–Henne and Wagner functions.

In the design optimization with the Euler equations, first, the
forward-difference scheme is used for the sensitivity calculations.
The convergences of the objective function with the Hicks–Henne
andWagner functions for the error level of 10�4 are shown in Figs. 6a
and 6b, respectively. In the design with the Wagner functions, a
larger reduction in the objective function is achieved amounting to
more than three orders of magnitude from the initial values. This
reduction is approximately two orders of magnitude larger than that
obtained with the Hicks–Henne functions. All the finite-difference

sensitivities are calculated using the optimum step size. In design
with Hicks–Henne functions, the optimum step size is evaluated
using the k:k1 norm values of the convergence error and higher-order
sensitivities. In design with the Wagner functions, the k:k1 norm
values are used. As presented in Eq. (12), the optimum step size in the
forward-difference scheme can be evaluated as a function of the norm
values of the convergence error and the second-order sensitivities. In
both the Hicks–Henne andWagner functions, the optimum step-size
calculation algorithm fails if the second-order sensitivities are
calculated with the finite-difference method. For the convergence
error level of 10�4, satisfying the relative condition error in a given
range may produce very large step sizes for the second-order
sensitivity calculations. The geometry changewith these step sizes is
so large that the iterative solution of the Euler equations diverges. If
the norm values of the second-order sensitivities are assumed to be
one, designs evaluatedwith an optimum finite-difference step size do
not converge in the Hicks–Henne functions and partially converge
in the Wagner functions. If the optimum step size is calculated
with approximate second-order sensitivities, larger reductions in
the objective function are achieved with the finite-difference
sensitivities. In the designs with both the Hicks–Henne and Wagner
functions, almost the same amount of reduction in the objective
function is achieved with both the analytical and finite-difference
sensitivities when the optimum step size is evaluated with the
approximate second-order sensitivities given in Eq. (46).

In Fig. 6c, the convergences of the objective function withWagner
functions are shown for a convergence error level of 10�6. The k:k2
norm values of the convergence error and higher-order sensitivities
are used in the estimation of the optimum step size. The convergence
behaviors of the objective function with the analytical and finite-
difference sensitivities are almost the same if the second-order
sensitivities are evaluated with the finite-difference and the proposed
approximate methods. The convergence of the objective function is

Fig. 6 Convergence of an inverse design with the Euler equations.
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delayed if the second-order sensitivities are assumed to be one. For a
convergence error level of 10�8, the error in the finite-difference
sensitivities is so small that the accuracy of the optimum step size
does not significantly affect the convergence of the objective
function. Hence, the advantages of using the proposed methods in
design optimization may be more significant at high convergence
error levels. Consequently, in this study the convergence behaviors of
the objective function are only shown for convergence error levels of
10�4 and 10�6.

In design optimization with the Euler equations, the central-
difference scheme is used for sensitivity calculation and only the
Wagner functions are used to modify airfoil geometry. As shown in
Eq. (14), the optimum step size in the central-difference scheme can
be formulated as a function of the norm values of the convergence
error and the third-order sensitivities. Figure 6d shows the conver-
gence of the objective function with the central-difference scheme.
For error levels of 10�4, the optimum step-size calculation algorithm
fails if the third-order sensitivities are calculated with the finite-
difference method. For this error level, the finite-difference step size
for the third-order sensitivity calculation is so large that the iterative
solution of the Euler equations diverges. The convergence of the
objective function also fails if the optimum step size is calculated
with an assumption that the norm values of the third-order sensi-
tivities are unity. The norm values of the third-order sensitivities
should be increased to 70 to achieve a convergence. Although
assuming values of higher-order sensitivities to be unity is a common
approach in optimum step-size calculations, the results presented
here show the deficiency of this approach. If the optimum step size is
calculated with the approximate third-order sensitivities given in
Eq. (47), a very fast convergence in objective function can be
achieved.

Design optimization is also performed using the Navier–Stokes
equations. Because the analytical sensitivities are not available for

the Navier–Stokes equations, the convergence of the objective
function is only comparedwith the finite-difference sensitivities. The
convergences of the objective function are compared using three
different optimum step-size calculation methods. The optimum step
sizes are evaluated using the k:k1 norm values of convergence error
and higher-order sensitivities. Figure 7a shows the convergence of
the objective function with a convergence error level of 10�4. The
value of the objective function converges to the same level if
the second-order sensitivities are calculated by the finite-difference
and the proposed approximate methods. The convergence of the
objective function stalls if the optimum step size is calculated with
the assumption that the normvalue of the second-order sensitivities is
unity. Figure 7b shows the convergence of the objective function
with a convergence error level of 10�6. The fastest convergence in
objective function is achieved if the second-order sensitivities are
evaluated using the proposed approximate method. The convergence
of the objective function is delayed if the optimum step sizes are
calculated with the assumption that the norm value of the second-
order sensitivities is one. In Fig. 7c, the pressure distribution of the
initial, target, and designed airfoils are compared. As seen from the
figure, the pressure distributions of the designed and target airfoils
are accurately matched. In this figure, the accuracy of the Navier–
Stokes solution is also verified with experimental data. Figure 7d
shows that the geometries of the designed and target airfoils are in
good agreement.

The CPU times of twenty design iterations with different optimum
step-size calculations are compared. Table 1 shows the results for
three different k:k1 norm values of the convergence error in the flow
and sensitivity analyses: 10�4, 10�6, and 10�8. The shortest CPU
time is achieved if the second-order sensitivities in the optimum step-
size calculation are estimated with the proposed approximate
method. If the second-order sensitivities are calculated with the
finite-difference method, the CPU times of design are the longest;

Fig. 7 Convergence of an inverse design with the Navier–Stokes equations.
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almost 10 times greater compared to those calculated with the
proposed approximate method. The designs with analytical
sensitivities use the second longest CPU time. This may be due to
the use of a direct differentiation method in the evaluation of
analytical sensitivities. Calculating analytical sensitivities with an
adjoint method may significantly reduce the CPU time of design.
Although the CPU time of design in the direct differentiation method
is proportional to the number of design variables, in the adjoint
method it is almost independent of the number of design variables. If
the second-order sensitivities in optimum step-size calculation are
assumed to be one, the CPU time for the design increases compared
to that evaluated with the proposed approximate method. In both
methods, the CPU times used to evaluate the optimum step size are
small. However, using the proposed approximate method provides
more accurate second-order sensitivities and they are much greater
than one. According to Eq. (12), the larger values of the second-order
sensitivities result in a smaller step size. Hence, the finite-difference
sensitivity calculation with smaller step size reduces the number of
flow solution iterations in the perturbed geometry. As seen in Table 1,
the CPU times of design with the central-difference sensitivity
calculations showed similar trends. In Table 2, the CPU times of
the design using Navier–Stokes equations are compared with the
different optimum step-size calculations. The CPU times are much
longer in designs with Navier–Stokes equations compared to those
calculated with the Euler equations. Using a larger grid size and
requiring a larger number of iteration to reach the specified conver-
gence level may be the primary reasons that designs employing
Navier–Stokes equations use longer CPU time. Similarly, the
shortest CPU time is achievedwhen the second-order sensitivities are
calculated with the proposed approximate method. In Tables 1 and 2,
the CPU times are given for fourteen design variables. If the number
of design variables increases, the CPU times may also increase.

IV. Conclusions

In this study, two new methods were developed to estimate the
convergence error and higher-order sensitivities. In the first method,
the convergence error is estimated in iteratively solved problems. The
method was based on the eigenvalue analysis of linear systems, the
accuracy of which was verified for both linear and nonlinear
problems. The results showed that the convergence error can be
accurately estimated with the developed method. The residual itself,
on the other hand, was not considered to be a reliable parameter to
predict the convergence error. In the secondmethod, the higher-order
sensitivities were evaluated by differentiating the approximately
constructed differential equation with respect to the design variables.
With this method, the norm values of the second- and the third-order
sensitivities are estimated efficiently and accurately. The methods
developed for the convergence error and higher-order sensitivity

estimation were successfully implemented to calculate the optimum
step size in the forward- and central-difference sensitivity evalu-
ations. The norm values of the total error were minimized with
respect to the finite-difference step size. The optimum step size was
determined as a function of the norm values of both the convergence
error and higher-order sensitivities. To confirm whether these
methods serve their functionality, an inverse design optimizationwas
performed. In the calculation of the optimum step size, the developed
convergence error estimationmethodwas usedwith different higher-
order sensitivity estimation methods. Approximating the norm
values of higher-order sensitivities as unity may slow down or stop
the convergence of the objective function. The main difficulty in
calculating the higher-order sensitivities with the finite-difference
method is in the estimation of the appropriate finite-difference step
size. Another drawback of this method is the significant increase in
design time. On the other hand, the proposed approximate method
reduces the CPU time of design and provides a robust and fast
convergence in the objective function. The type of differential
equation used in the approximate method may be important in the
estimation of higher-order sensitivities. To improve the accuracy of
the proposed approximate method, further research may be needed
on how to select a more appropriate differential equation. Results
showed that the advantages of using the proposed methods in design
optimization may be more significant at high convergence error
levels.
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